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Let J be a linear functional C2(I) given by

J(u) ≡
∫
I

F (x, u, u′) dx

where F ∈ C2(IR3). We have

J(u+ λv) =

∫
I

F (x, u, u′) +D2F (x, u, u′)λv +D3F (x, u, u′)λv′ +O(λ2) dt.

If v ∈ C2
0 (I) then integration by parts shows

δJ(u; v) ≡ lim
λ→0

J(u+ λv)− J(u)

λ

=

∫
I

(
D2F (x, u, u′)− d

dx
D3F (x, u, u′)

)
v dt

where δJ(u; v) is the Gâteaux variation of J at u in the direction of v. If
δJ(u) = 0 then we have the Euler-Lagrange equation

D2F −
d

dx
D3F = 0

or in more classical notation

δF

δu
≡ ∂F

∂u
− d

dx

∂F

∂u′
= 0.

Example

Consider the following example from mechanics. To match standard nota-
tion, we use t for x and x(t) for u(x). If we define

F (t, x, x′) =
m(x′)2

2
− kx2

2
,

then the corresponding Euler-Lagrange equation reduces to

mx′′ + kx = 0.

Physically, F is the difference between kenetic and potential energy for a har-
monic oscilator, the Lagrangian for the system.
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Generalization

Suppose

J(u) ≡
∫
I

F (x, u, u′, u”, . . . , u(n)) dx.

Then

J(u+ λv)− J(u) =

∫
I

(
n∑
i=0

Di+2F (x, u, u′, . . . , u(n))λv(i) +O(λ2)

)
dt,

or in other notation ∫
I

(
n∑
i=0

∂F

∂u(i)
λv(i) +O(λ2)

)
dt.

If v ∈ C2
0 (I) as before, integration by parts shows

δJ(u; v) =

∫
I

(
n∑
i=0

(−1)i
di

dxi
∂F

∂u(i)

)
v dt.

The Euler-Lagrange equation is

E(F ) ≡ (−1)i
di

dxi
∂F

∂u(i)
= 0.

Extension to PDE’s

Let Ω ⊆ IR2 and let J be given by

J(u) ≡
∫ ∫

Ω

F (x, y, u, ux, uy) dx dy.

If v ∈ C2
0 (Ω) then the Euler-Lagrange equation is

∂F

∂u
− D

Dx

(
∂F

∂ux

)
− D

Dy

(
∂F

∂uy

)
= 0

where D/Dx is the total derivative

Dϕ

Dx
≡ ∂ϕ

∂x
+
∂ϕ

∂u

∂u

∂x
+

∂ϕ

∂ux

∂2u

∂x2

and D/Dy is defined similarly.

Notes

• Several functionals can give rise to the same Euler-Lagrange equations.

• “If a differential equation can be derived from a variational principle, then
the admittance of a Lie group is a necessary condition to find conservation
laws by Noether’s theorem.” – Zwillinger p. 92
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