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1. Basic properties

(a) Definition: L{f(t)} =

∫ ∞
0

e−stf(t) dt. Denote L{f(t)} by F (s) and L{g(t)} by G(s).

(b) Existence: A function f is of exponential order a if limt→∞ |f(t)e−at| = 0 for some a. If f(t) is
piecewise continuous and of exponential order a, F (s) exists for s > a.

(c) L is linear: If a and b are constants, L{af(t) + bg(t)} = aF (s) + bG(s)

(d) L is invertible: If F (s) = G(s), f(t) = g(t). Thus it makes sense to say L−1{F (s)} = f(t).

(e) Decay: lims→∞ F (s) = 0.

2. Shifting and stretching

(a) First Shifting Theorem: L{eatf(t)} = F (s− a).

(b) Second Shifting Theorem: L{f(t− a)U(t− a)} = e−asF (s).

(c) f(t) has period T if there is a T > 0 such that f(t+ T ) = f(t) for all t.

(d) If f has period T , L{f} =
1

1− e−sT

∫ T

0

e−stf(t) dt.

(e) L{f(ct)} =
1

c
F
(s
c

)
.

3. Derivatives

(a) Derivatives of Transforms: L{tnf(t)} = (−1)n
dnF (s)

dsn
.

(b) Transforms of Derivatives: L{f (n)(t)} = snF (s)− sn−1f(0)− sn−2f ′(0)− · · · − f (n−1)(0).

4. Convolution

(a) Definition: f ? g =
∫ t
0
f(τ)g(t− τ) dτ .

(b) Theorem: L{f ? g} = L{f(t)}L{g(t)} = F (s)G(s).

5. Some Formulæ
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(a) For α > −1, L{tα} =
Γ(α+ 1)

sα+1
.

(b) For x > 0, Γ(x+ 1) = xΓ(x).

(c) Γ(n+ 1) = n! if n is a non-negative integer.

(d) Γ(1/2) =
√
π.

(e) L{eat} =
1

s− a
.

(f) L{sin kt} =
k

s2 + k2
L{cos kt} =

s

s2 + k2
.

(g) L{sinh kt} =
k

s2 − k2
L{cosh kt} =

s

s2 − k2
.

(h) L{δ(t− c)} = e−sc.

http://www.johndcook.com/LaplaceTransforms.pdf

2


