Define T'(n,1) = n and for k > 0 define

T(n,k) = Xn:T(i, k—1).

The numbers T'(n,2) are the triangle numbers, T'(n,3) are the tetrahedral
numbers, and T'(n, k) are the k-dimensional analogs of the tetrahedral numbers.

There is a simple formula for T'(n, k) and the formula can be proved easily
using induction. However, the formula appears unmotivated. We can derive
a formula for T(n,k) in a more systematic way using the calculus of finite
differences.

First, we define the finite difference operator A, a discrete analog of the
derivative.

Af(z) = flz+1) = f(2).

There is a finite difference theorem for sums analogous to the fundamental
theorem of calculus for integrals. If AF(x) = f(z) then

> fl@)=F() - F(a).
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Next, we define falling and rising powers, also known as factorial powers.

The kth falling power of z is defined as

=z —-1)(z-2)-(z—-k+1).

The kth rising power of x is defined as

F =z +1)(@+2) - (z+Ek-1).

The finite difference operator A operates on rising and falling powers anal-
ogously to the way the derivative operates on powers:

Azt = FaE=L
AzF = k(z+1)FL

This means we can find the analog of anti-derivatives for falling and rising
powers.
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Now we are ready to derive the formula for T'(n, k). It’s well known that
the triangular numbers T'(n, 2) are given by n(n + 1)/2. The n(n + 1) term is
a rising power, and so we might suspect that there is a formula for T'(n, k) in
terms of rising powers. We have T'(n,2) = n?/2!. Tt is also trivial to check that

T(n,1) = n1/1!. We suspect T'(n, k) = nk /k!.
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Note that if we define
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Tnk)= > [ =Fln+1) - F(1)
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